


















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Analytic description. Dressing transformation.
















+ [U; V ] = 0: (2)
For applications in dierential geometry 	 is a moving frame and  describes
the associated family - a one parameter family of deformations preserving geo-
metrical properties.
Interpreted as the dressing transformation the BD-transformation is de-
scribed as follows [9]. For any solution 	 2 G[] of (1) one can construct




V by an algebraic transformation
	!
~
	 = D	; (3)
with an appropriate mapping (x; y) 7! D(; x; y) 2 G[]. We callD the Darboux
matrix. It is determined by the condition that the points
 = f
1
; : : : ; 
N
g;
where the matrix D(
i

















have the same dependence on  as U; V and
~
	 describes the same geometry.
The dressing interpretation of the BD-transformation naturally yields the










































































































































) and introduce a Z
2

















where p; q are the corresponding kernels.










and can be interpreted as a discrete analog of the frame equation (2). The
discrete net is given by the frame  : Z
2






















































of the dressing data. The cases N = 1 and N = 2 correspond to discrete curves
and surfaces respectively. For N > 2 we obtain an N -dimensional integrable
net. This net can be also interpreted as a sequence of the BD-transformations
of an integrable net of lower dimension.
The suggested method applied to the classical case of surfaces with constant
negative Gaussian curvature yields a denition of the discrete K-surfaces. To
show this we recall some well-known properties of the Backlund transformation
[2]. Let
(x; y) 7! r(x; y) 2 R
3
be an asymptotic line parametrization of a K-surface and ~r(x; y) its Backlund
transformed which is also asymptotic line parametrized.
2
Specifying parameters one can obtain the dierential equation (2) from (5) as a limit
! 0; U ! I + U; V ! I + V:
The net  approximates its smooth limit. Note that the net  does not approximate the





Figure 1: Discrete K-surfaces via permutability of two Backlund transformations
Geometric description. Backlund transformation of K-surfaces.
For a given surface r there exists a two-parametric f; g family of BD-
transformations r ! ~r, parametrized by the length k~r , rk = , which is
independent of (x; y) and the angle  between the tangent vector ~r, r and the





Two important properties of this transformation are:
 The vector ~r(x; y) , r(x; y) lies in the intersection of the tangent planes
of the surfaces r and ~r at the points r(x; y) and ~r(x; y) respectively.




be a sequence of the




this sequence can be
completed to a commuting diagramm (see Fig.1). Moreover
kr
[1]











The loop group corresponding to the K-surfaces is
G[] = f : R



























be a discrete K-surface described by the BD-transformations











The geometrical properties of the Backlund transformation obviously imply that
 r is a discrete asymptotic net, i.e. for each point r
n;m
there exists a plane
P
n;m

































These properties describe a discrete analog of the Chebyshev net and can be
used as the denition of the discrete K-surfaces (for details see [3]). The angles
 corresponding to vertices of an elementary quadrilateral (corresponding to






) satisfy a dierence equation (6), which is
an integrable discretization (Hirota equation) of the sine-Gordon equation.
In a similar way the ane spheres with the indenite Blaschke metric have
been discretized in [4]. The corresponding loop group is
G[] = f : R

! SL(3;R) j Q(q)Q
 1
























; q = e
2i=3
:
The discrete ane spheres turn out to be discrete ane Lorentz-harmonic
3
asymptotic nets. Again one can use these properties to dene the discrete ane
spheres geometrically. The corresponding discrete integrable equation is an








3 Discrete elastic curves
Let  : [0; L]! R
3
be a framed arclength parametrized k
0
k = 1 curve with the
frame
(N;B; T ) : [0; L]! SO(3); T = 
0
:
We prefer to identify
4




su(2) and we prefer to describe
the frame as
 : [0; L]! SU(2)
















where k = kT
00
k is the curvature and























is the torsion of the frame. Admissible variations preserve (0); (L);(0);(L).















where c =  and a 2 R
3
is a Lagrange multiplier
L
a




Tdx > : (9)








The tangent ow 
0
(which is a reparametrization of the curve) is one of in-
nitely many commuting ows of (10). Comparing (7) and (10) one can prove
the following characterization of the elastic curves.
Characteristic property. A curve is elastic i its smoke-ring propagation
(10) is a rigid motion of the curve.
We use this characterization to dene discrete elastic curves. A discrete





























are dened at vertices. The smoke-ring
evolution of the discrete curves was dened in [6], it is given by the Ablowitz-

































































































Geometrically these ows were rst introduced by U. Pinkall in 1993.
6
Equations (12, 13) are discrete analogues of (7, 8) and are also Lagrangian.
























where a 2 R
3
is a Lagrange multiplier and c = 

. Finally we come to the
following
Denition of discrete elastic curves. A discrete curve





with a frame  : f1; : : : ; Ng ! SU(2) satisfying (11) is called elastic if it is an































4 Discrete spinning top
Let us return to the smooth elastic curves and treat the arclength parameter x of



































In this form it can be identied with the Lagrangian of the symmetric spinning
top. In the formula above (x) and T (x) describe the evolution of the frame
and of the axis of the top respectively, 
 is the angular velocity vector in the
moving frame of the top. The inertia tensor is (2; 2; 2) and a 2 R
3
is up to a
constant the gravitational eld. This result is known as
7
Kirchho's kinetic analogue [10]. The frame of an elastic curve describes
the motion of a symmetric spinning top. To the motion of such a top there cor-
responds an elastic curve.
Using this observation and the discrete elastic curves dened above we nat-
urally come to the following
6
Denition of the discrete Lagrangian top. The motion of the discrete
Lagrangian top is a map  : Z! SU(2) with the Lagrangian (14) on any nite
interval of Z.








































Thus, for a xed 

equation (12) describes the motion of the frame completely.











































for the axis of the top. A result
7
is presented in Fig.2, the corresponding
smooth version can be found in textbooks. The Lax representation for the
discrete Lagrangian top follows from the Ablowitz-Ladik L-A pair [1].







The author is thankful to T. Homann, F. Pedit, U. Pinkall, B. Springborn,
Yu. Suris and E. Tjaden for useful discussions.
6
Although the rotation of a rigid body about a xed point is a classical problem of me-
chanics, only an integrable discretization of the Euler case is known [12].
7
The corresponding computer programm is written by C. Gunn
8
Figure 2: Evolution of the axis of the discrete spinning top
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